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ﬁ Relauons Connectmg Various Elastic Constants

S siesdasseadonondeniniampaokaoth oz NnEE-any :
chn-na in tha ciza and chona Af o hads TR .-.l-.on..-.nrl ; f‘rst i _ Ak F ;
C. u' ‘;d.- LRSS SR _I' = 1.’ TR P 1 . T ah RS E T F
e o A A !
. connecting them. : "k

: F
(i) Relationf§ connec Y Kand o[Y'= 3K(l - 20)] Let 74
ABCDEFGH represent a cube of unit side ( ). Let us consider a Fé&4+— | . —>F
force F, which acts normally and uniformly on each of its.six faces in ' ’

the outward direction. Since each force F is acting on unit area, these .
forces are representing stresses.

If o is the increase per unit length per unit letsmn along the a2l

direction of the force ce then the elongalion produced in each of the D ' .L .C
edges, namely~4B, BF and BC, will be Fa. If P is the contraction
produced per unit length per upit stress perpendicular to the edges, Fig. 6.6.

‘then contraction produced pespej{@jeulessteseach of the edge, namely
AB, BF and BC, will be Ff. Hrasirowidovibsonmiluwimiiamiiiuiliassettobislochiiaic: uwianealsly
R e e

Hence, the sides of the cube become

AE = 1+ Fa- FB- Fﬂ-1+F(a 2B) &
 BF =1+ Fa- FB- FB=1+ F (a.— 2pB)
BC =1+ Fa- FB- FB=1+ F (o - 2B).
Hence, the ﬁnal volume of the cube is 4
AB x BF x BC = [1+ F(a-2pF.= 1 + 3F(a- 2P) [according to Binomial expansion]
-
The terms containing mgher powers of aand B have been neglected since a and S are very small
quantities. :
. As the initial length of a stde of the cube is 1, its initial volume __ _1
.. Change in volume = Final volume - Initial volume \
: ' 1+ 3F(@-2p) -1=3Fa-2p. . i

3F@-2B)_ - 3F(a - 28
T

R

* Volume strain =

i !

: : Normalstress _: F ____ = |

. Bulk modulus, K = Volumemcm-am i (a- Zﬁ‘)”_ 2

- o 1/a vz

S or . K= 3q- 25) o 3(1——2}2/0:) =
unit length per unit stress, hence clearly

_ But a is the m(;l‘:::: S’;(ns e axea of any edge of the cube is unity)

‘and Linear strain = &/1 = e

A



Also Bla = o= Poisson’s ratio.

' (1)
- P - &

Therefore, | K = 31-20) °F Y =3K(1 201_ ' . 2

(ii) Relation connecting Y, n and o'[n = Y/[2(1+ 0)]]: Let A__L z“_‘ N T F

ABCD represent the Tront Tace of a cube of side L. A tangential i
force F is applied on its upper face AB and the bottom face DC 3
is' fixed. As a result of this force the cube is sheared to A’B’CD
through an angle 6 [fig. 6.7], Then, shedring strain is

&';Wg - _;Ai’=_8ﬁ:=i,

where the displacement AA’= BB = 1.
Shearing stress,

T = £ ¥ D Fixed €
» © 7 Area of the upper face of the cube = 5 g,
; P, il .
= Coefficient of rigidity, n = g-, i T S

But a shearing stress along AB is equivalent to a tensile stress along DB and an equal compressive -
stress along AC at right angles to each other.

Let aand B be the longitudinal and lateral strains per unit stress respecﬁvely. Then extension along
~ diagonal DB due to tensile stress = DB - T-a

and extension along diagonal DB due to compression stress aldng AC=DB-T-B
Total extension along DB =DB-T-(a+ f)= LYZT @+ ).

Let us draw a perpendicular BN on DB’. Then increase in the length of dia

gonal DB is nearly equal
to NB’. As 0 is very small, therefore. ZAB’C is nearly 90° and ZBB’'N = 45°, _

o BB 1. . o L 1
: NB’ = BB’ 45° = S S L MNa+ B = i T
Thus, cos T2 : 75 | Jf ﬂ) 72- or

| 1" 2Aa+ )

Bu Tof =l = Leniin- 3@ iB) " =T+ B |

But | fla = ‘,"mg_ Vs mnyni%mﬂ =é[-; a is the l;)ngimdinal straip per unit stress)
Therefore, [ n= 2(1};,,7"‘ SS ()
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: .EI_Z-.DG fe rmine the P 05:‘50" 's ratio of rubber if due 1o pulling a rubber thread, its change in
volume is negligible in comparison '

10 its change in length.
Sol. If the rubber thread has the length ! and radius r, then volume of the thread is

V= ml = constant (given)

Now, ¥=n2r&l+Pa=0
‘or ' _2!&+(r&'= 0or -ﬁ;': =--%
ch.cc, Poisson’s ratio, o = —Lateral strain , Zorir -4 = 0.5.

Longitudinal strain ~  &//7 ~ 2

Ex. 3. Young’s modulus of a meial is 2 x 10" N/n? and Poisson’s ratio is 0.25. Calculate the bulk *
modulus. ‘ ‘ .

Y - _2x10" _2x10" _ 10" N/,
H1-26)  31-2x025)  3x05 ~ 13 % -

-Ex. 4.F im‘! the Poisson’s ratio for steel, if Young's modulus is 2 x 10"! N/m? and modulus of rigidity
is 8 x 10T N/m?.

eo= L 1= 20, _125_1=0.2s.
Sol. n= m*_La).whcncc o= 2n 1 %810 .

\/f; 5.A wire of length 5 m and diameter | mm is stretched by 0.3 mm by applying a load of 10.0 L
kgf. Calculate the internal energy of the strained wire. Take g = 9.8 m/s>. (Jabalpur 2003)

Sol. ‘ K =

A R |
~ Sol. Strain energy or internal energy of the strained wire = 5 FI.

' 3

Here F = 10 kgf = 10 x 9.8 N, / = 0.3 mm = 0.3 x 10~ m.
3 = _
~. Internal energy of the straingd'wire = ';‘X (10 x 9.8) x (0.3 x 107) = 1.47 x 102 J.
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" "Work Done in Twisting a Wire or Rod | _
Let a wire or rod of length ! and radius r be fixed at the upper end. At the lower end of the wire, s
1 couple is apphed so that a twist of an angle 0 i is produced at this _epd : :

If C be the couple per unit twist of the wire . then the couple, requlrcd to twist the ‘wrie through-
an angle 6, will be C6. Now, the work done in tw1st1ng the wire further through a small angle dB is given

Dy
b ' - dW =C6d0 sAREE &
H ]
ence, the total work,dgns in tw1st1n§ the wire throuEh the anEle 9 is | 3

W= jcede - Leg- M
m _ﬂ

4] : _
MThe energy, spent in ddmg this work, is stored up in the wire and is known as strain energy.
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@ Ex. 3. A cantilever of length | and uniform cross-section shows a depression of 2 cm at the loaded
end. Whar will be the depression at distance U4, 112 and 3U/4 from the fixed end ?

hat

Mgx’ (;_x
. y= g (173
When x = [, y = 0.02 §m,

“When x = I/4, y.-ﬂ(!"("—")-*—'i-u.ll-.ﬂ'l



W

+When x

hen x = 1/2,

FN P

Al 002=172%10° m

128

4 Mgl' 5_5 Mgl

2= 3y 4]( 6] '6-16 3
—ngxooz_cileo"m

Mg ;_] (-_ _MgP 21 _Mgl 8L

Y3 =2 57 64~ 3y 128

%xOOZ- 127 x 102 m



@ Vv bx. 1. Compare loads required 10 produce equal depression for two beams, made of the same

material qnd having the same length and weight with the only difference that while one has ci
cross-section, the cross-section of the other i3 square.

E ﬁ'ﬂmﬂ; ':;u: depression Sat the middie point of a beam of lengih | of circular cross-section of radius
r ! ]

wi'

= 3ymer - Where W, is the weight loaded. ~3)

. tl.f in case of rectangular cross-section beam the weight loaded be W,, then the dqlrunal B is
given by

" =
3 & EIL_
&dy
since the two beams have the same length and are made of same material.

But for square cross-section b = d

8% —— —(uf

The two beams have equal wci;hts and made of the same material, therefore their masses and heace
volume must be equal, ie., ol =41 or b= m?

Substituting the 'H‘I'l.;—;:f b* in (ii), we get ‘ _' “'
)
L ()
. an'r .
But depression is the same in both cases, i, &= & .“Therefore equating (i) and (iii), we get
wr W, W

- L A 3— which is the required ratio.




