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What is the minimum size of phase spaeeeellm
M d quantum statistics ?

_ Ans. Minimum size of phase space cell in classical statistics is zero
whereas in quam:um statistich it is &%,




Vo PHASE SPACE DIAGRAM OF ONE DIMENSIONAL HARMONIC
OSCILLATOR + .+ .

v~ Consider a one dimﬂgﬁi_ijg_qgl_ harmonic oscillator whose position coordinate is x
and whose momentum is p, . Then energy of the oscillator is given by

2
E--gn§+}2-kxa o (1)

where m is the mass of the oscillator.

The first term in eq. (1) is the kinetic energy of the oscillator in terms of its
momentum p, while second term respresents its potential energy. k is the spring
factor (force constant) of the restoring force acting on the oscillator. Fras—

Now Eq. (1) can..

be written as
pf +k‘”2-1
2mE 2F
2 2
' o Px__ . (2
or (2Elk)+ 1 (2)

This equation represents an ellipse in the x - p, phase space as shown in Fig.
- Its semi-major axis
a= EE; P

K ' 3
and semi-minor axis

b= fm /J;_I‘_\
Thus the trajectory of the oscillator in the s >X

two dimensional position momentum phase 'K* V2EK
space is an ellipse and the instantaneous

state of the oscillator is represented by some

point on the ellipse.
The area of the ellipse in ghase space is

given by .
A= nob= 5/35.42.-@:
K :

{m
=2nE |—
2 ... (3)

This area represents the phase space available to the oscillator having energy
between 0 and E. Therefore, the phase spece available to the oscillator having

energy between E and E + dE will be given by &Muu.mby

oG-It is
dA = 2nJZ:: dE e (4)
This represents the region of states accessible to the oscillator.




NUMBER OF PHASE CELLS IN GIVEN ENERGY'
RANGE OF HARMONIC OSCILLATOR
For one dimensional oscillator, the area of a phase cell in
phase space is given by :
’ 5. Spx=Hh . phase space is two dxmens:onal (x-px)
The energy E of the oscﬂlator w:th mass m is given by _

=2 44kt
y ) x2 . i .
ok ' (2E/k) + 2I:nE = - - ‘ (1)
This equation represents an ellipse w;th semi major axis
a=4/(2E/k) and semi-minor axis b=+/(2mE)
The phase space area of the oscillator having energy between
0 and Eis
x ab=n +/(2E/k) v/(2mE)=2nE \/(n;/k)' W (7,
We know that the frequency v of the oscillators is given by

e o JE)- i

From eqgs. (2) and (3), area of phase space=2nE X 21—'=§ ‘
my v

. number of phase cell= —— of phase space
- area of phase cell
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(VOLUL:QE IN PHASE SPACE ;

&  Licensider the volume of the momentum space. lying
between the values of total : ‘B
momentum p and p—i—dp | ﬁ*'
small elem ent of m um |

erdnaatcs p, f and ¢ like the
polar coordinates of position
r 8 and ¢.

" The volume -of the ele-
ment is given by -

drg=dp.pdi.psin0dp :
‘=ptdpsinfdodd (1)
Again, the volume of momentum space lymg betwaen p and
- p+dp and mdependent of direction is gwen by

trpdp [intan [ Gt . L)

Th:s volume is the same as the volume of a sphmcal shell of
thickness dp lying between p and p+dp.
; Now we shali | express the volume af phase sp:

——

-

- Bary spaee 1 h relatmnshw? ‘1s iven & _
&75545?' dp " dxdyﬂz

~_The element 0 space can alvo be expremé in terms of_ e
kinetic energy.. We ke th ¢« =p%/2m, where. mis, the mass of -
the partxcle : 3
2 V@m) and ¢==(m;z.)w de

-




Substltutxng these values in equatnon (3), we get

lh!
e i (2m¢)( z ) eV
dr=2m (2m)®/? €V/* de.V _ ..(4)



& For the space represenung a single particle of

V, calculate the number of phase cells in energy
m’e"%'g% Given that volume of each phase oeu is k2. What

wﬂ be rhe uum!m' of microstates in rhis mrgy r g;'

EFION of pha’se
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: For a single particle we have six dimensiona] phase
space. Three position co-ordinates ¢, g,, ¢, and three mome%tau:;

co-ordinates p,, p,, p: specify the microstate of a particle :
phase space. A::t e’l'em'ent of volume in the phase sp:ciﬂil:le inthe

89, 3qy 8q; 3px dp,y, 8p.=h? (sincc h=3p, 8¢;)
The total volume of the phase space is

m”l"?* dq, dq, dp. dp, dp,
where the limits of integration are to be s;peciﬁcd.

We have ”l dq. dqy, dq.=[”dx dy dz =given volume V

So the volume of phase space=V J I J dpx dy, dp,

Volume of momentum space contating momentum between
p and p+dp will be given by the volume of a spherical shell of
redius p and thickness dp

Therefore ”l dp. dp, dp,=4=p* dp

If energy corresponding to momen-
tum p is ¢, then V/(@me) f-: 3 i
_h or == € ae R

{": dp=\/(fm). feV? de

witike

Therefore volume of phase space
= V.4n (2ma) +/(m[2) de

=44/2 =V m** 1 de

-+ The number of cells in the phase space

0.0 v
A B
. * K
.

For a single particle the number of accessible microstates will
be equal to tlllai m;’:anber of cells in the phase space. Tl_:ergfore. the
number of microstates in this energy range ¢ to «+3¢ is gived by

§ (B dXVAEY i o de



cnsembies:

A system is deﬁn 1 d A ection of a r 102r g ] :
an ensemble 15 deflued as _ colleclion of q larose ber of uitcro-
cospically identical but essentially independent systens B e term

macroscopica mﬂﬂm ,
(Uling an epSemble satisfies the . .!ff-(d.z‘ld.m-ﬂm,

1hil C Nna
voume, energy, pressure, total number of particles, e?{ﬁle
orm :mrm items we mean that the s smsconm
mble are mutually non-interactin Irmiﬁ?cm systems
“pray the same role asm'n'-l"nl'eracﬂng molecules do in a gas.

The macroscopic identity of the systems constituting an ensemble
may be achieved by choosing the same values of some set of
Macroscopic parameters which uniquely determine the equilibrium
State of the system. Accordingly there many be many types of
ensembles, out of them the most widely used are the microcanoni-
cal, canonical and grand canonical ensembles.

Microcanonical ensemble.
numoer ol essentially independen

» volume v and the numbs of pa ;‘ For Simplcity we
aSSUIME that all the particles are identical. _[he jndividual system
of a_micro nonical ensemble : Cparsg d b 21d, 1mpermeable
and well isulated walls (1 such That the Valles ol Z, P and
V for a particu affected by the presence of other

> 11N - .

’ gz
TVN | TVN | TVN >
e v " ” TVN| TVN | TVN
== — TVN | TVAN | TN
Fig 31 Fig. 32

is the collection rge number of
_ : . %ﬂ

weppemdl the sysiems can De acl

contact with a large heat reservoir at

constaut temperature T or bringing all oflthe systems in th:trlli:l:::'

contact which one another. vid
eable but con In

lgmgble are separated rigi




As ths E&_eparatmg walls are condu
betwcent es stems
on temEra ure T

rand-canonical ensemble. It i

As_the Seperating. wal
ermeable, tl
: : as we
m:.u-mwuamm%% ' g
Lo In o .
stems arrive g ommon__temperature 7' and_chemical
i entia ho-detatied-rformrtion rcbarmg the characteristics

oF these ensembles can be had after a complete study of Liouville’s
theorem.









, Maxwell-Boltzmann Distribution Law

Consider a system of N distingishable molecules of a gas. Suppose W, of them have energy
E,, n,have energy E,, ... n have energy E, and so on. Thus the entire assembly of molecules can be

divided into different energy states with energies E,, E,, E, ... E; and having n, n), ny, ... n, mol-
ecules.

(1) The total number of molecules N is constant. Hence

Ns= nytn,+ gty + ... = constant
or ON=20n, + &12+8n3+...+6n‘.+...=0
ie., %8"5 =0

A
(2) The total energy E of the gas molecules is constant. Hence

E=En, +En,+ Eny+ ...+ Ep + ... = constant
or 8E=E8n, + Edn,+ Edny+ ..+ Edn+..=0

ie., E{.'Ei on; =0 A2

st i
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s Gl




‘ \‘ .
| (;.‘1 ::‘I:;:: ::Wﬂ' ut’i R, .“..“‘ with the energy Ej. The total number of ways in which »,
molecy S W energy l"-, 18 (g,)" . Hence the total number of ways in which N molecules
can be distributed among the vanous encrgies is
W= )" (8)" ()™ ..(g )" ..
The number of ways in which the groups of n

F"'""“lﬂ is given by s My iy on . particles can be chosen from N
W';, = —--~-—--A{_!_._,___
The number of distinguishable ways in which N molecules can be distributed among the
possible energy levels is NY i,
N! 2 e | ‘ -
i L ew et gt R =) A
RECREC AR 5

The quantity Wis called the thermodynamic probability for the system. For the most probable

distribution, W is a maximum subject to the restriction that the total number of particles NV and the
total energy E are constants,

The natural logarithm of Eq. (3) is
InW=1InN!'-Zlnn!'+Zn Ing,
.By Stirling’s theorem, Inn!=nlnn-n_ v~
InW=N lnN.,—s[Zn,. lnn,.f),"/ﬁ:-i-):n,. In g,

InW=NInN-ZnlInn+ZnIng, o fﬂ‘N .{(4)
From Eq. (4), we have for maximum W

dIn W, =-ZIn -l-ﬁm ~X(Inn)dn; +Z(ng)on =0

nf
or —X(Inn)dn +X(Ing) on, =0 [v Z&n =0] ..(5)

~ - i i . (5) by making use of Lagrange’s method of
Egs. (1) and (2) can be incorporated into Eq. ( : '
undetermined multipliers. Multiplying Eq. (1) by — o and Eq. (2) by - B and adding to Eq. (5), we get

Z(—Inn,.+lng,.-a—BE].)5n',-.=0 .A6)
or —'lnni+1ngl.—g_:BE..=0
-0 ,BE, J (N
or

Eq. (7) is called Maxwe [-Boltzmann distribution law.
M-B distribution in terms of temperature. l_' can be shown that B = /KT where
k = Boltzmann's constant and T = absolute temperature of the gas.

a ,-(E, kT) LAR)
n =g¢ ¢ ’



Partition Function and its Relation with Thermodynamic
Quantities:

.k{) Partition Function (2)

Let us consider an issembly of ideal gas molecules obeying classical statistics i.e., Maxwell-
Boltzmann distribution law.

Using this distribution law, let n, molecules occupy i"™ state with energy between E and E, + dE,
and degeneracy g, then

5
g O kT

1\ = g{.A é_BEf (1)




|
‘_{l — ———
where p=e and pe kT

So the total number of molecules in the system.

-
NZZ”:‘

,_AL _BEE
3 = 28,-8 =Z ...(ii)

where Z is called the Boltzmann’s partition function or

simply the partition function. The term
given molecules .

-BE; _BE;
2 g; e represents the sum of all the g; e PEi terms for every energy state of the

i f
Conscqucntl_y_: the quantity Z indicates that how the gas molecules of a system are distributed or
ition function. o

pa.rriﬁoned among the various energy levels and hence is called a part

Thus,

Partition function, Z = Zgi ¢ PE ...(10.60)

i

Taking 28,- =1, we may write Z= Ze'ﬁE‘

I R o T lﬂ“*itieg



\ AYMMETRICAL AND ANTISYMMETRIC WAVE FUNCTIONS

The Schroedinger equation for n identical particles is written as

H(,2,.n)y(,2,..n1 =f'h%l|l (1.2 B)s -(1)

where each of the numbers represents all the coordinates (positional and spin) of one of the particles. The
Hamiltonian A is symmetrical in its arguments due to the identity of particles. The identity of particles
means that they can be substituted for each other without changing H or indeed any other observable.

There are two kinds of solutions of wave function y of egn. (1) that have symmetric properties of

particulgr interest. :
Symmetric wave function y; : A wave function is symmetric if the interchange of any pair

icles among its arguments leave the wave function unchanged.
Antisymmetric wave function y4 : A wave function is antisymmetric if the interchange of

any pair of particles among its arguments changes the sign of the wave function.

of p



If P is an exchange operator, then we must have
Py, (1,2) =y, (2, 1).
Pys(1,2)==wya (2, 1).

* Bosons and Fermions:

1. The identical particles having an integral spin quantum number are described by symmetric wave
function, i.e.,

Py:(1,2,3,..r,..5,.0)=+V;(1,2,3, ... 5, .1, ..n)

This class of particles, i.e. the particles described by symmetric wave functions are known as Bose
particles or Bosons and obey Bose-Einstein Statistics. The examples of Bosons are photons (spin 1),
neutral helium atoms i1n normal state (s = 0) etc.

2. The identical particles having half odd integral spin quantum number are described by
antisymmetric wave functions, i.e.

= PUA (), 2,7 o Rii i) s WA (1,2, By By W)

This class of particles i.e. the particles described by antisymmetric wave function obey Fermi-Dirac

statistics and the particles are known as Fermi-particles or Fermions. The examples of Fermions are

electrons, protons, neutrons, muons (all spin —21—).




Bose-Einstein Distribution Law

Bose used Planck’s hypothesis, according to which
composed of light quanta known as photons, each of energy,
are indistinguishable.

Basic Postulates :
In Bose-Einstein statistics, the conditions are:
1. The particles of the system are identical and indistinguishable.
2. Any number of particles can occupy a single cell in the phase space.
3. The size of the cell cannot be less than h?, where h is a Planck’s constant (h = 6.63 x 1

radiation in a temperature enclosure
E = hv. These photons in the enclo

Joule. sec).
The number of phase space cells is comparable with the number of particles, i.e.,

oo .n
occupation index f (E,) is — = 1.
5. Bose-Einstein statistics is ai)plicable to particles with integral spin angular moment

units of % . All particles which obey B.E. statistics are known as Bosons.



BOSE-EINSTEIN STATISTICS

: BOSE-EINSTEIN DISTRIBUTION LAW

Consider an assembly of N bosons. They are identical and indistinguishable. No restriction
is imposed as to the number of particles that may occupy a given cell. Let us now consider a box
divided into g; sections by (g; — 1) partitions and n; indistinguishable particles to be distributed
among these sections. The permutations of n; particles and (g; — 1) partitions simultaneously is given
by (n; + g — 1)!. But this includes also the permutations of n; particles among themselves and also
(g; — 1) partitions among themselves, as both these groups are internally indistinguishable. Hence,
the actual number of ways in which n; particles are to be distributed in g; sublevels is

(n; +g; — 1!
n;!(g; —1)!

Therefore, the total number of distinguishable and distinct ways of arranging N particles in
the variable energy states is given by

g —1)!
W = l—I (nx + & 1) , (1)
n!(g; — 1!
n; and g; are large numbers. Hence we may neglect 1 in the above expression.
(n; + g;)!
We l|l——
l—.[ n ! gi ! [2)

In W= 3[ln(n +g)! —Inn!-Ing!].
As n; and g; are large numbers, we can use Stirling approximation.
InW =3 (n,+g)In(n +g)—nlnn,—glng;. -(3)
Here, g; is not subject to variation and n; varies continuously.

For most probable distribution, § In W,,,, = 0.

Hence, if the W of Eq. (3) represents a maximum,

SIn W, = X [In(n,+g)—Inn]6n,=0 .(4)

The total number of particles and total energy are constants.
Y on =0 «(5)
Z E,m, =0 .(6)

Multiplying Eq. (5) by —a, Eq. (6) by —  and adding to Eq. (4),
Y [In(n;+g)—Inn —a-BE]on =0



The variations 8n, are independent of each other. Hence we get

ln[ni+g‘]—a—BE,. =0

n;
: B gl.‘ ;
or = 5i
n, (e“*BE")—l g (7
or n, = Ei ' - .(8)

4 I(eaeE,-/kT)__l

This is called Bose-Einstein distribution law.



FERMI-DIRAC STATISTICS

FERMI-DIRAC DISTRIBUTION LAW

F-D statistics is obeyed by indistinguishable particles of half-integral spin (that hay,
antisymmetric wave functions and obey Pauli exclusion principle. Consider N fermions with the
total energy E, in which the i'" particle occupy the first energy level with energy E,, E, particles
occupy the second energy level with energy E, and so on. Let g; be thehe total number of
states in which n; particles can be distributed in g; cells having the same energy E;.

The number of distinguishable arrangements of n; particles in g; cells is
8!
n;!(g; — n;)! -
The total number of Eigen states for the whole system is given by
gi!
W= I:[ n;!(g; — ny)! ' ¢
Taking the natural logarithm of both sides,
InW =Z [Ing,!=Inn,!=In(g,—n;)!]
Applying Stirling’s approximation,
InW =ZX[g,Ing,—g —n/Inn,+n, —(g—n;)In(g —n)+(g—n)] (2)
InW = Z[g;Ing,—n;Inn, —(g—n) In(g;—n)] )
Here g; is not subject to variation and n; varies continuously.

For most probable distribution, § In W, = 0.

dInW,,, = Z [~Ilnn,+In(g;—n,)] n,=0 3)
But Zon, =0 (4)
and LEén=0 ()

Multiplying Eq. (4) by —a, Eq, (5) by — f and adding to Eq, (3),

Z[-Inn+In(g—n)—a-pPE]dén, =0
As the variations d n; are independent of each other, we get

In (u) —a—BE =0
n;
_ g

or M= B g (6)
This is known as Fermi-Dirac Distribution law.
B =1/kT and a = —E/kT where Ej is called Fermi energy, E; =—akT.

8i
n, = . 7)
i e E—ER)/kT |4 (

Definition of Fermi energy : It is the absolute zero of temperature the maximum kinetic energy
that a free electron can have is called the Fermi energy, Ey.
Si

n, = :
e Ei=Ep)/kT 4




Comparison of the Three Statistics

Maxwell-Boltzmann

Bose-Einstein

Fermi-Dirac

2.

. Particles are distinguishable.

Only particles are taken
into consideration.

There is no restriction on
the number of particles in
a given state.

Volume of the state in six
dimensional space is not
known.

Number of distinguishable
ways are given by

L
Maximum probability
distribution
1
e(@+BE) ~

. Particles are indistinguishable.

. Only quantum states are

taken into consideration.

. There is no restriction on

the number of particles in
a given quantum state.

Phase space is known
V=K.

Number of distinguishable
ways are given by

(n; + g —1)!
W = .
H n;!(g; —1)!
. Maximum probability
distribution
1

[e(a+ﬂ5:)] =h

. At high temperatures,

Bose-Einstein distribution
approaches Maxwell-
Boltzmann distribution.

1
2.

3.

Particles are indistinguishable.

Only quantum states are
taken into consideration.

There is restriction on the
number of particles in a
given quantum state.

Phase space is known
V=h,

Number of distinguishable
ways are given by

W=Il =

Maximum probability

distribution
1

[e@ FED] 1 1

At high temperatures,
Fermi-Dirac distribution
approaches Maxwell-
Boltzmann distribution.

'(g: - n:)‘




Maxwell-Boltzmann Bose-Einstein Fermi-Dirac

8. Applicable to ideal gas Applicable to photonsand 8. Applicable to electrons and
molecules. symmetrical particles antisymmetric particles

known as bosons. known as fermions.

9. Internal energy of an ideal Th ey it abiclie Dt-xe to Pauli’s exclusion
monatomic gas depends zero is taken to be zero principie; all. fan eloctrons
only on its temperature. At cannot occupy the lowest
absolute zero, energy is energy level. Every absolute
Zero. zero temperature, some of the

electrons are distributed at
higher energy levels. Hence,
at absolute zero, the energy
is not zero. Therefore, at the
. complete degenerate state,
| the energy is in dependent of
| temperature.
8i 8i 8i
10. - 10. = 10. =
i e(“"'pfi) i [e(“"'ﬁfi) o 1] | ni [e(“*‘ﬁsi) +1]
11. All the three distributions can be represented by a single equation
..g'_i — [e(a"'ﬁEJJ + 6]
n
Here § = 0 Here § = - 1 Here § = +1
If % =1 or n;< g, i.e. § can be neglected. In the case of diluted systems, the three statistics
i

lead practically to similar results. It means that at high temperatures, the three statistics give practically
the same results.

12.16. pifferenge between Classical and Quantum Statistics

The main points of difference between classical and quantum statistics are :

(i) Classical statistics is applied to a system of identical particles which obey the laws of classical

mechanics, whereas quantum statistics is applied to a system of identical particles which
obey the laws of quantum mechanics.

(ii) In classical statistics the particles of the system are considered distinguishable, whereas in
quantum statistics these are considered indistinguishable.

(iii) In classical statistics the volume of the elementary cell in the phase space can be made as
small as we please whereas in quantum statistics its value cannot be less than h*, where h is
Planck’s constant, given by 6.63 x 10™>* Joules second. In other words, the number of cells

in the phase space can be made as large as we like in classical statistics but this is not so in
quantum statistics.




