o Constraints

+ Constraints are restrictions imposed on the position or motion of a system because of
geometrical conditions.

9 Examples
The beads of an abacus are constrained to one-dimensional motion by the supporting wires.

Gas molecules within a container are constrained by the walls of the vessel to move only
inside the container.

The motion of rigid bodies is always such that the distance between any two particles
remains unchanged.

A particle placed on the surface of a solid sphere is restricted by the constraint so that it can
only move on the surface or in the region exterior to the sphere.
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The motion of point mass of a simple pendulum is restricted since the point mass always

remains at a constant distance from the point of suspension.

Types of Constraints

» Holonomic and non-holonomic constraints

e If the constraints can be expressed as equations connecting the co-ordinates of the particles
(and possibly time) in the form

f(rl! ra, r3’ veey Fpy t) = 0
then the constraints are said to be holonomic.
Examples. (1) The constraints involved in the motion of rigid bodies in which the distance

between any two particular points is always fixed, are holonomic since the conditions of constraints
‘ are expressed as

(r—12)° —ci, =0.

® (2) The constraints involved when a particle is restricted to move along a curve or surface are
holonomic. Here the equation defining the curve or surface is the equation of constraint.

® (3) The constraints involved in the motion of the point mass of a simple pendulum are holonomic.

Let r = position vector of the point mass
0 = position vector of the point of suspension
[ = length of the string.
The equation of the constraint may be written as
(r-a)>-12=0.
e If the constraints cannot be expressed in the form of Eq. (1), they are called non-holonomic
| constraints.

Examples. (1) The constraints involved in the motion of the particle placed on the surface of a
solid sphere are non-holonomic. The conditions of constraints in this case are expressed as

rr-a* >0,
where a is the radius of sphere. This is an inequality and hence not in the form of Eq. (1).



(2) The walls of the gas vessel constitute a non-holonomic constraint.

(3) Another example of a non-holonomic constraint is the condition that the
velocity of the point of contact of a sphere, rolling without slipping along a

stationary rough surface, is equal to zero.

(i) Scleronomic and Rheonomic Constraints. If the constraints are independent

of time, they are called scleronomic.

The constraint in the case of rigid body motion is scleronomic. If the constraints
are explicitly dependent on time, they are called rheonomic. A bead sliding on a

moving wire is an example of rheonomic constraint.
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Now quatxon reduces to_

B’—HA el b TR [V A ———

2 Fpo.or=0. . AT 2y

m.:hh s e + <

- This is the cond:tlon for cqunhbnum of a svstem .u,wrdnlS 10 “'h.“ 11
“A System o_{ particles L_s-_:g_eq_wﬂbjmﬁ‘ onlv'if the total virtu T wa

tae actual or applied forces is zero. Thlé 18 knovun as the principle of
wr?ual work‘ L

® D’ Alembert’s Principle

o i o T TR

The principle of virtual work stated above is apphcablu to the
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_ The Lagrangian Function J

The Lagrangian function is the difference
between the kinetic energy (T) and potential
energy (V) of a system. It is a function of
generalised co-ordinates, generalised velocities
and time.

L(qGks 9k t) = T(qk, qis t) — V(q, t)ﬁ

* For a conservative system:

The potential energy and Lagrangian function
of a conservative system do not depend
explicitly on time.

L(q> 9%) = T(qk> 9) — V()

[ For a conservative system]

* Lagrangian Equation

The Lagrangian equation for a conservative
system is given by:

f 2\

jt ( g;;c ) a2 g—;;c = (0 | (No derivation)




Lagrangian formulation of conservation theorems.

For the purpose let us first define generalised momentum and cyclic
co-ordinates.
e Generalised momentum.
Consider a conservative system, i.e., a system in which the forces
are derivable from a potential function V' dependent on position only ;
then
8L oT-V) aT ov

Ay G aqr 04y’




_or
a‘h

R m.gk?
aq, ? s

= MxGx = Pk-

Pr is called the generalised momentum associated with generalised
co-ordinate gg.

(because potential ¥ depends only on position or 9¥/dg; =0)

Thus the generalised momentum corresponding to the generalised

co-ordinate g, is defined as the quantity gqi and is represented by p,
k
ie., oL
- e, --=-=11
Pr = 2 (1)

Cyclic or ignorable co-ordinates,

If the Lagrangian of a system is not the function of a given co-
ordinate ¢, then the co-ordinate ¢, is said to be cyclic or ignorable.

In such case aL

e ), see (2
=y (2)

(i) Conservation theorem for generalised momentum. According to
Lagrange’s equation,

i oL oL =0, @ eese (3)
dt an aqk
If the generalised co-ordinate g, is cyclic or ignorable, then we have
oL = ( [from equation (2)]
a‘h

With this substitution equation (3) becomes

d (oL
i (3:)=°

o 9L _ constant
0qy
Le.; Px = constant [from equation (1)].

This gives the conservation theorem for generalised momentum

which states that-the generalised momentum corresponding to a cyclic or
ignorable co-ordinate is conserved.

(ii) | Conservation theorem for energy.

Consider a conservative system, i.e., a system in which the forces
are derivable from a potential function V dependent on position only.
The Lagrangian L is given.by

L=L(q1, G25--+s Gks--+s G1s G2s--+s Gis---)-
Let us assume that L does not depend upon time explicitly. Then
L=L (q;. G2yeees iy él: q.z,..., qks'“)*



or

or

1he total time derivative of L is given by

dL oL . oL oL oL . oL .
dt aq i+ aqzth+ +3 k"{f"‘ +6—_q’+aq
s B B
—E ___q + 3y oL 4 a‘?
9 TR aék g

Lagrange’s equation is
d ( oL oL 0
s J—a==",

04 9q;
d ( oL ) _ oL
0k 0 .
With this substitution equation (4) becomes
dL d ( oL oL
a - Ya (aq,) et B de
a4 .. 8L
=2 a ()
d . oL
i (Fog-1)-
Thereby indicating that ? g g—L— — L = constant.
Gk
oL a oT
But —=— (T—V) = —
G g ( ) 0Gx
d
aqk ( mk qk )
because T = 12 %mkq,?, where m, is the mass of kth particle.
E — m. A
3@; = Myfg.

or
or

Substituting the value of —— it
3%

Zk', my §,2 — L = constant

,2T — L = constant
_ 2T — (T — V) = constant
Therefore T +V = total energy = constant

.(4)

from above equation in (5), we get

Thus the energy conservation theorem states that, if the Lagrangian
function does not contain the time explicitly, the total energy of the con-
servative system is conserved.



Application of Lagrange's cquations

) Simple pendulum: Let the mass of the pendulum bob be m. The angle ‘

g between rest position (OA) and deflected position (OB) is chosen as the

ge,,gralized coordinate (Fig. 42.9). Let I be the length of the string. Then

KA. of the bob = %mv’

1
T = —ml’®
2m

P.E. of the bob is
y:mgCA=mg(0A—OC):mg(Z—!cosG)zmg,“ — 504:0)
The Lagrangian function L is given by

B
L=T-V= Eml’ﬁ’ —mgl (1 - cos 0)

The Lagrangian equation in the generalized coordinate 0 is

i[éﬁ)_a_L =0
- dt\o0)

From Eq. (1), % = ml*® and % =—-mglsin O
Substituting these values in Eq. (2), we get

%(m!’é) +mglsin® = 0

or mi*® +mglsin® = 0
or : é+%~sin6 =0

If the amplitude of motion is small, sin 6 = 6. Then

| é+-§-9 =0

Eq. (3) represents a S.H.M. with period 7= 2n \)l!g

Fig. 42.9

(1)

(2)

wikd)



TP The Hamiltonian anctmn o

W s i

The Lagrangian, in cener ral is thc functlon of

‘}l' q2, Ve k_. %08 {{]., QQ e qk, vee and I, f.L’.,

L= (g1 Qay oo Qs s Qs Gar ver Gty oses EV53L Qo v, 1)
Bt dL . 4L oL |
dr = ao 5 w55}
dt ,f-'rq qj‘+az8q g ’Ld: et
The Lagrangian equation is
dfoLy oL =0
dt (&)k) OQJ.
i, d L) -2
g = (o)
- With this substitution equation (1) becomes
dL ., d aL ) _d_L_ o1
. d (oL 5’?_1_;
-1 di {?‘4& w5
2 Rk oL 4 ]=% .(3)
. (-E{L 337 qh} % _
Put |
, ;—I—'—-—-p;.-—},eneralised momentum
Gk "
The equation (3) may be written as :
d e
dt{ L—Zpin }“az
d _ o i (?é : (4
or a}"{ fpqu_L } ""_ar . . . ( )

Now Jet us 'intrd_ducc a new function H known as Hamiltonian func-
tion defined as ; :

k)

- . ‘ t
in most of the hysncal problems.v ro
:l‘l‘::%}amlltoman ‘H’'is the functin of p, g and ¢, L.e.,
W s g T A WM

H H( q,z . (6)

'J



sl HAMILTON'S CANONICAL EQUATIONS OF MOTION

The Hamiltonian function H is function of p, g and 7. -
H = H(p,q,1) |
= H(Plls Pz, .- spk: ' * qla qz‘) s4ey q olot t)

l.'o 5 dH ] zai Z______qu +_'é_dt b ,._(l)

NOW, HWJOW H Zpk q,k L(Qs q: t)
TL\MLIlm ;
Z‘?h dp; + ZP& dq, —dL, (2)

NOW, L-O-&TWV\T;—GI‘L L i L(q]aqzs-"quH ’ql’qzs Bq.ka ’)
dL = Z@—qu ZaL di, +2L dt

. an k aqk ot a L P“
- Z— dq, + Zp* dq, + % dt 1 BC’L e >0
k ’ % qwe’ ! ' E

Substituting this value of dL in Eq. (2),

dH = qudpt/Zﬁ’dqt Z#d(h Zpdqn"'—"ﬂ

A _'31_ 4)
= qudm Zpkdq*-—--dr dt&‘) 551’5'(

oe, 0L _
Comparing cocﬂicnents of dp, and dg, in Egs. (1) and (4), = 3 &LPK)
' s 2k =B,
0%

————" 4
_‘
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' OH
G = Ty
R - ol I
' .
' . OH
- p* = —
i aq* J
| Egs. (5) are Calfecf Ham:hon Se
| ti i : ; ; .
- gsare called canofical variables, qua :an‘ls or Hamilton's canonical equations of motion. p’s ang
A156 . ?_L_ - oH
ot ot

“™e Howillo
H mmw, H H(pl’pz" ’p.h' 9q])q29- qu, cesy
The total time derivative of H is '
aH  _ aH oH OH
= e
df aqk k ap* at
- o ¢ ol
N ':ZP;; q; +qu Bt
" < Tk - Ot
=iH,
=0, _ OH
=t ot
But ?_H._ = ._a_L
ot ot
i " dt ot
; ) N wiom w . oL
If L is not an explicit function of time, = = 0. Hence
aH _ o
dt
or H = constant.

Therefore H is a constant of the system.

m PHYSICAL SIGNIFICANCE OF THE HAMILTONIAN FUNCTION

.(6)
)
.l Y "'L_arua\!n‘fﬁl
oH . 5
2P, T
oH :-P (1)
ECW
Q)
(3

(4)

For conservative systems the potential energy ¥ does not depend upon generalised velocity, i.e.,

_a...Z. = ()
04,

Also we know

il

H

ZP& G —

oL .
—q, —L

24,
- 3 deee (T =V) 5=
;q*{aq : }

or oV
= L
Zq‘ {a«a &h}

o 9" gZQt 5;;""

il

(5
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Zig (Tant \everat

= qu’vf—L ' 4
i ' BT g .
= 2T-L R T4 W0 |
™ = 2T (T-V) N e .
. 0 ey ' Mvomdqt_
" = K.E. +PE.

= E = total energy of the system.

Thus for conservative systems where the co-ordinate transformatio
Hamiltonian function H represents the total energy of the system. .. -

n is independent of time, the



[ERE] APPLICATIONS OF HAMILTON'S EQUATIONS OF MOTION
I. Linear Harmonic Oscillator

The system is conservative and constramt is independent of time. So Hamiltonian will represent
the total energy of the system.
The kinetic energy of harmonic oscillator,
T = _l_ mx’

2
The potential energy of harmonic oscillator,

V=-dex

= [keds = 5'-&:’

" The Lagrnngun of the system



2
oL oT
-—_=—-—'-=p=m
‘ ox ox
or x = plm

_ _1 ¥ oL pd o
H—T+V—E.*n(p/m)+21"Jr 2

Equations of motion are ‘

oH ' ‘
5 e e = w1
p= -2 (1)
and x = @— =plm . )
From Eq. (2) ¥ = p/m =—-kx/m
mi+kx =0 «(3)
This relation shows that the motion is simple harmonic.
The frequency v = LY J—E | - -(4)
2n \'m

2. Simple Pendulum

Let the mass of the pendulum bob be m. The angle 6 between rest position (OA) and deflected
position (OB) is chosen as the generalized coordinate (Fig. 42.12). Let / be the length of the string.
0]

K.E. of the bob = —;-mv2
1 242
T = —ml“0
2

P.E. of the bob is

V = mgCA=mg(04-0C)

= mg (I - cos 0) = mgl (1 — cos 6)
The Lagrangian function L is given by ;
‘ L=T-¥= %mﬁéz — mgl (1 - cos 0)

Do = % = ml*0 | i _ A2)
The Hamiltonian is
H= )p4,-L
= p0-L

=m0 - —;- ml* * — mgl (1- cos e)}

il

1 2i
5»!1292 +mgl (1 - cos 0)
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 compound pendulum. L
of ation passes, C the ce
otation / and distance O

~ K.E. of the system is - YA

which implies that system is conservative
Now putting Eq. (2) into Eq. (3), we get

- :
H = -2*m12 (-—’;‘:%J +mg1(l—008 9),
OH . p~ ]
opy, ml*
B |
0 - mgl sin 9._
ilton’ ' moti :
Hamilton's equations of 'motion for 0 and p, are
9 =91 _ p
op, ml’
. _ OH
Py = . ——mglsm9

Egs. (5) and (6) represent Hamilton’s equatlons for a sxmple pendulum.

From Eq (5), we have p, = mi*

or pPo = mi*@

Puttmg the value of py from Eq. (7) into Eq. (6), we get
ml’0 = -mglsmB

-

or 0.+ -‘?— sin® =

If the amplitude of motion is small, sin 6 =~ 6. Then
0 + £9 =0

This gives the equation of motion of the simple pendulum.

Eq. (8) represents a S.H.M. with period
T = 2mnyllg

3. Compound Pendulum
A rigid body capable

ntre of mass. Let mas

= _1,192
2

Consider the horizontal plane passing ‘hr"-“gh O ps reference

P.E. of the system i$
y = —mg(0A) = —mgh cos 0

..(4)

«{3)

...(6)

A7)

.(8)

.(9).

of oscﬂlatmg in a vertical plane about a fixed horizontal axis is called

et vemcal plane of oscillation be xy, O the point through which axis of
s of pendulum be m, moment of inertia about axis of
C = h (Fig. 42.13). Let 0 be the angle through which the body is displaced.

The Lagrangian L is written a5




L=T-V= %Ié’ ¥ 3k v b

_ oL :
Then Po= 25 = 10 _ D

The hamiltonian is . :
H=Ypd-L=p0-L
- 19*9—%19’ ;rﬁghcose
= %192 — mgh co.se

2
"y I[-p—") —mgh cos ©
2 I

2

= % —mghcos© (2)

= T+V
which implies that system is conservative.
Hamilton’s equations of motion for 6 and p, are

§ = O

92 | .0)
; OH
b=

From IEq. (2), we ﬁqd
OH _ py OH

= ==, = mgh sin 0.
0p, 1 00
Putting these in Eq. (3), we get
0 =% or p, =10 OB
and Ps = —mghsin6. (5 1

From Egs. (4) and (5), we get
160 = —mghsin 6

or 0+ f—’f—’-‘- sin® =0
If amplitude of oscillation is small, sin 0 = 0. Then
0+ -’-"—}g-’l 0 =0 | A8

This gives the equation of motion of compound pendulum.
This is an equation for simple harmonic motion of time period

¥ NUE

o gkl
J 1Il:mgh

-

®
Angular frequency, = mghll ok




3.6. HAMILTON'S EQUATIONS IN DIFFERENT COORDINATE SYSTEMS

. /‘ﬁn cartesian coordinates : 11. W, M,Z «ave tt cavliswam co- ovdivalis ot
o pasticle et wia zm
Kinetic energy of the particle 7= 3 m (X" + y* +2 ) Potential energy of the particle ¥ = ¥ (x,y, z)

Lagrangian L= T - Vm%m (iz H* “"32)~ V(x,,2)

0
Generalized momentum p, = —L
04y
& Px Py p:
=—=mi or =t larily y = — and z=5%
chcc, Py % . = Similarily y = =

Hamiltonian H=%p, q-L
. k t
Fork=x,y,z
H= ., . . | $2 .2 32 V
= Pkt pytpi—gm (845 +2)+V(x.y.2)

2
..

m m m  2m (pI+P;+Pz)+V(x.yz) ‘o

-

1 | | . L
He = —={p} +p} +p,)+V x,9.2) (4)
m T
Hamilton's equations are
; oH i oH
G =— and p, = -—
C oo by |
/' The Hamilton's cquntidns in Cartesian coordinates are
| R A M .. av
X ap‘ OI‘ x m'. or p "‘"a"""' or Ip‘ —'?a-;- (‘3‘)
. - o
S hl’i } 55 e d 7 y T e v— ;
imilarly, 3 o and p, % ..(43b)
» = -.,-- and PJ &= e_’: &

t R "; Py | o ‘ .(43¢)



Thus one may express equations of motion as

._ oV ov
= =L 2 ) (44)
(2) In pol - el
ar mrdtmtu:lfr.Omﬂmpolarcoordimmofapmiclcofmm.thcn
. x =rcosfand y = r sinf
ence, { = F ) si
¢ X=rcosh -r0sin® and jr—fsixre+réc009

Now, =-;-m(x +y2)—' m(r +r29 )andL" m(r2+r ) r, 6)

.

g oL
Generalized momenta p,—g—mr andpa—%—mrze or =2 and B- P°2

m mr
Thu& H zpiQk L{ P,r +p99,__m(r +r202)+y(r’9) ]
4 il B)evo) 45)
2”' 4 4 r * aH we
Hamilton’s equatio Lo -} e -2
n - ns;re q > 0 =
R SRR ) oH . S 4
rry=—m ’;=—};“andpr=—-67 orp,=-"—ff?—-ér— ..(46a)
oA gt e
\/(;H/cyﬁndﬂcalcoordinates - Here, x =rcos@,y =rsin6, z=2z
Hence L=T- V,-?m( it +y? +3 )—V(x.y.z)
= %m (:‘-3 +r;(§2 +22)_ Wr,8, z)
‘ o . P citarty. g
Gencﬂlizedmmnmmpr=‘é’_'.'=m_’ or r=%;5mularly, -'--:'iz-, z-—‘:
= 4, = L, where k =r,0,z2
. Now, U %p*q*
Thus, Hzprf+p59+p:z——m( P2 +riet+z )+V(r,9.z)
5 . |
-_l_(pf+.f’-'%-+p‘2)*y(r,0.z) : . ‘_;- 4 --\(4?)
2m r . .
Hamiltoh's equations are
BH oH
. .nd I e ssm—

oH 2 oy Nk
o .o v (48)
Therefore, r--g;.z""" B it b

el MR



oH

P /AP |4
gzgp;_orﬁ--;lndpa"-ge-orpn £ .(48h)
g
z*—-orz==-’—"— andﬁz=—3' or Pz & ) - A48c)
m
(‘) In spherical coordinates : Here

x =rsinfcosp,y =rsinfsing,z=r cosf
Hence,

X =FsinBcosp +rg cosfcosp—r sinf¢ sing
y =F sin@ sing +r¢ cosd sincp-.+ r sin@ ¢ cos¢ ‘

3 =Fcos® - rg sinf
Thus, L =7-¥ = 1m (&% +y +3%)- V(.tyz) or L— (r +r292 +r2sin’0 ¢’ ) V(r.0,9)

Pr Po : Pe
=-—-—~mrorr*—-—--s ilarly .= —~ and ¢ =———
Therefore, Pr=7 o 5 Similarly 9. ___mrz ~and ¢ D
Now H= ¥  pudi- L = p,i+ py 6 +p‘¢——m(r +7%6? +#%¢p%sin 9) V(r,0,4)
k=r8.4
1 . P
or H=—|p}+3+ +V(r,0 (49
2m [P,- r rzsmze] ( ¢) .
e . . _OH . ¥ OoH
Hamiltonian equations | ¢, = — and p, = ——— | are
Py oq,
. OH . P . oH p.? }:l2 ay'
r=——otf=~Landp, *-—— o p, = * b
ap, m or mP  mrisin®®  or 0
. it : : 2
0=5——ore=—P'iz_ and py a9 o Py ooed oV (S0)
Po mr o0 mrisin’e o0
0 :
=-_’..-{... or‘ &= ®

. (50¢)
o (



